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We study the electromagnetic fields of an arbitrarily moving charged particle and the radiation 
reaction on the charged particle using a novel approach. We first show that the fields of an arbitrarily 
moving charged particle in an inertial frame can be related in a simple manner to the fields of a 
uniformly accelerated charged particle in its rest frame. Since the latter field is static and easily 
obtainable, it is possible to derive the fields of an arbitrarily moving charged particle by a coordinate 
transformation. More importantly, this formalism allows us to calculate the self-force on a charged 
particle in a remarkably simple manner. We show that the original expression for this force, obtained 
by Dirac, can be rederived with much less computation and in an intuitively simple manner using 
our formalism. 
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I. MOTIVATION 

The field of a charged particle at rest in an inertial frame is a static Coulomb field which falls as (1/r 2 ) in the 
standard spherical coordinate system. The field of a charge, moving with uniform velocity, can be obtained by 
Lorentz transforming the Coulomb field; this field also falls as inverse square of the distance. The situation changes 
dramatically for a charged particle which is moving with non zero acceleration. The field now has a piece which 
falls only as (1/r), usually called the radiation field. For a field which decreases as (1/r), the energy flux varies as 
(1/r 2 ) implying that the same amount of energy flows through spheres of different radii at sufficiently large distances 
from the charge. Because of this reason, the radiation fields acquire a life of their own and the entire phenomena of 
electromagnetic radiation hinges on this feature. Due to the continuous transfer of energy from the charged particle 
to large distances, there will be a damping force acting on the charged particle which is usually called the radiation 
reaction force. The derivation of radiation reaction force is conceptually and operationally quite complicated and the 
expression — obtained originally by Dirac (see [4]) — has no simple intuitive description. 

We analyse these issues from a novel point of view in this paper which throws light on the conceptual and mathe- 
matical issues involved in this problem. The analysis is motivated by the following issue: Maxwell's equations are not 
only Lorentz invariant but can also be written in a generally covariant manner. Given a charged particle moving in 
some arbitrary trajectory, it is always possible to construct a proper coordinate system for such a charged particle. In 
such a coordinate system, the charge will be at rest for all times but the background metric will be non Minkowskian 
and - in general - time dependent. The Maxwell's equations in this coordinate system will correspond to that of a 
stationary charge located in a non trivial (and in general time dependent) metric. The solution to Maxwell's equation 
in this frame receives time dependent contributions not because of the motion of charged particles but because of 
the non trivial nature of the background metric. But we know that, for internal consistency, these solutions should 
transform to the standard solutions describing the field of an arbitrarily moving charged particle when we go over 
to the inertial frame! This is remarkable since the time dependence and nontriviality of the background metric have 
to translate to the correct spatial and time dependence of the radiation field. Further, the charged particle has to 
feel the radiation reaction force in the non inertial frame, even though it is at rest, due to the non triviality of the 
background metric. It is not intuitively obvious how these features come about and it is important to understand 
how the physics in the non inertial frame of the charged particle operates. 

We shall explore in this paper both the issues raised in the above paragraph. The key feature which emerges from 
our analysis is the following. The structure of the Maxwell's equations dictate that the static field of a uniformly 
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accelerated charged particle in its rest frame can be related to the field of an arbitrarily moving charged particle in the 
inertial frame. This connection also carries over to the computation of the self-force. It turns out that the radiation 
reaction force has a simple geometrical origin in the uniformly accelerating frame in which the charged particle is 
instantaneously at rest. The force arises due to the deviation of the trajectory of the charged particle from that of 
uniform acceleration and hence is proportional to the derivative of the acceleration. We shall now spell out the details 
of the approach we plan to follow in this paper. 

II. THE FORMALISM 

Consider the electromagnetic field of a charge moving with a uniform velocity in an inertial frame S. Since Maxwell's 
equations are Lorentz covariant, the most natural way to calculate the field in S is to find the field in the charge's 
rest frame S' and transform back to S. Let us next consider the problem of calculating the electromagnetic field of 
a charge which is moving arbitrarily. The conventional method (see e.g. [Q) is to calculate the Leinard - Weichert 
potential and to differentiate it to obtain the field. However, we will show that it is possible to approach the problem 
differently along the following lines: 

Consider a charge moving with an arbitrary velocity and acceleration in an inertial frame S. In the Lorentz gauge, 
Maxwell's equations can be written in terms of the vector potential and the current j M as: 

HA* = Airf (1) 

where □ = d^d^ . It follows that: 

UF^ V =^{d^f -d v f) (2) 

Because of the characteristics of the □ operator, the fields at an event P can only depend on the trajectory of the 
charge at the retarded event O, which is the point of intersection of the backward light cone drawn from P, and the 
worldline of the charge z M = z m (t). Since j M is linear in four velocity, the quantity <9 M j„, in the the right hand side 
of (|^) can at most depend on z m (t). Therefore, the fields at P can at most depend on the second derivatives at the 
retarted position of the charge at O - i.e., at most on the retarded acceleration of the charge. Suppose we now change 
the trajectory of the charge to that of a uniformly accelerated one without changing the values of the velocity and 
acceleration at the retarded event O. The field at P, since it depends only on the velocity and acceleration at O will 
still remain the same. It follows that, if we know the field at P due to a uniformly accelerated charge with a given 
acceleration and velocity at O, then we can obtain the field due to a general trajectory. 

Thus the problem reduces to that of calculating the field of a uniformly accelerated charged particle. This is most 
easily done by using the fact that Maxwell's equations can be written in a generally covariant manner. Solving the 
Maxwell's equations in the noninertial, rest frame of charge and transforming the field to the inertial frame, we can 
obtain the field of a uniformly accelerated particle. Using the argument outlined above, we can then find the field 
of a charged particle moving in an arbitrary trajectory. To illustrate the power of this technique, we shall directly 
calculate the field for arbitrary, rectilinear motion. (The general case is a straightforward extension, and is treated in 
Appendix C). 

The real power of this formalism, however, lies in calculating the field in the infinitesimal neighbourhood of the 
accelerating charge. The general expression for the field in the neighbourhood of an accelerating charge, found by 
Dirac, is a fairly involved expression, and good deal of labour is required to compute it. Our formalism involves 
computing it in the instantaneous coaccelerating frame of the charge, in which the first and second derivatives of the 
position of the charge vanish. The only dynamical contribution to the near field comes from the the third derivative, 
which — as we shall see — leads to the radiation reaction term. This, along with the static terms, neatly transforms 
into expression obtained by Dirac in the inertial frame. In addition, a novel interpretation for radiation reaction 
emerges in the accelerated frame. 

The rest of the paper is organised as follows: In section 3, we obtain the electromagnetic field of a uniformly 
accelerated charge. This is done by solving Maxwell's equations in the rest frame of the charged particle (which is 
a noninertial frame) and transforming to the inertial frame. In section 4, we use this result to obtain the field of an 
arbitrarily moving charged particle. This result is obtained by the procedure outlined above. Section 5 uses the same 
formalism to obtain the field in the neighbourhood of the charged particle, thereby obtaining the radiation reaction 
term. The last section summarises the results of the paper. 
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III. FIELDS DUE TO A CHARGE AT REST IN A UNIFORMLY ACCELERATED FRAME 



A. The coordinate transformation 

Since the key idea involves working with a uniformly accelerated frame, we shall review the coordinate transforma- 
tion connecting the Minkowski frame to the Rindler frame and collect together the necessary formulas. 

Consider a charge moving with uniform acceleration along the z-axis of an inertial frame S with the coordinate 
system (t, x, y, z). The trajectory of the charge is given by: 

t = — sinhfe/r) ; z — — coshfgr) (3) 
9 9 

where g is the proper acceleration of the charge, and r is its proper time. The world line, 

z 2 -t 2 = {- g f (4) 

is a hyperbola. Referring to figure 1, one can see that this charge can influence regions A and B of spacctime, which 
lie along the forward light cone of the charge's trajectory but not the regions C and D. Let us now fix a proper, 
Fermi- Walker transported coordinate system (r, C, x, y) to the accelerating charge and call it frame U. Separate 
transformations are defined from S to U for regions A and B. In region A, we take 

t = sinhfor) ; z = cosh( 5 r) ; ( > 0. (5) 



and in region B we take 



t = - 2gC cosh( 5 r) ; z = ^ 2ffC sinh( ff r) ; £ < (6) 
9 9 



x and y are mapped to themselves. The spacetime interval, both in regions A and B is : 



ds 2 = 2gQdr 2 - ^ - dp 2 - pH<f (7) 



where p = x 2 + y 2 and (f> = tan _1 (y/a;). The range [£>0; — oo < r < +oo] covers region A, and [£ < ; — oo < 
r < + oo] covers region B . In these coordinates, the charge is at rest, at Co = (l/2g). 

Since the metric is same for the transformations defined by equations (^|) and (^) , we can solve Maxwell's equations 
in the background metric of (Q) and transform separately in regions A and B to get the fields in the frame S. 

B. The fields in the accelerated frame 

Let us next obtain the solutions to the Maxwell's equations in the noninertial Rindler frame. The generally covariant 
form of Maxwell's equations are : 

-L<yv^FH=4^ (8) 



with 

Ffu, = d„ A v - d v A^ (9) 

The current is: 

(10, 

where xo = (Co, 0,0) is coordinate of the charged particle in the accelerated frame and the Dirac delta function is 
defined to be 
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5 3 (x-x ) = 5(C-Co)%W) ; 6 3 (Z)d(dpd4 = l (11) 



for a point charge at C = Co- Since the charge is at rest, f — for i = 1,2,3 and j° ^ 0. Correspondinglywe can 
take Ai=0 with all time derivatives vanishing. Hence the only relevant components of the field tensor are 

Fi° = -F C0 = -d c A ; = "2^(0, A ) (12) 

Expressing the field tensor in terms of the potential, we get the equation satisfied by Aq: 

d 2 A Q 1 d dA 3 

p -W + wd-p {p ^i ] = 6 6 (x " Xo) (13) 



This equation has a simple, closed form solution which can be obtained by direct integration of (g_3() for x ^ Xo and 
matching the boundary condition at x = xo 

A = C + Co + (i/2)gp 2 C + Co + (l/2)gp 2 (u 

° 5e \/(C-Co + (i/2)ffP 2 ) 2 + (2 3P 2 Co) ^^(C + Co + a^gp 2 ) 2 -^ 

(An alternative derivation of this solution is given in appendix A.) Also, as mentioned earlier, Ai=0 implying that 
there are no magnetic fields. 

Let us next compute the electric field corresponding to this potential. In an inertial frame, F 1 q, F°i, F t0 , can all be 
interpreted as defining the electric field (apart from difference in signs). However, in the metric defined by equation 
(0), these components have different spatial dependence due to raising and lowering by g^ u , which is not constant. So, 
in order to define the physical electric field, we go back to the basic definition of electric field as the "electromagnetic 
force per unit charge, experienced by a charge at rest". The contravariant electromagnetic force vector is: 



dr v 
ds 



which for a charge at rest gives the electric field 



* s F<„^ . (15) 
ds ^/goo 



Using this in equations (|12|), we get the electric field components : 

„2 



£C _ (2geCo)V2K([C - Co - (1/2).9P 2 ]) . £P _ (2 g eCo)py^ ; ^ = Q 



(16) 



where 

^ V(C-Co + (l/2)g P 2 ) 2 + 2 5 p2 Co (17) 

There are some interesting features which are worth noting about this field. To simplify the analysis let us transform 
from the coordinates (r, C, p, f) to (r, Z, p, ip) where C = (gZ 2 /2). The metric in region A is now 

ds 2 = g 2 Z 2 dr 2 - (dZ 2 + dp 2 + p 2 dtp 2 ) (18) 

The Z-component of the electric field in this coordinate system is 

F z 4e [Z 2 -p 2 -g- 2 ] 

g 2 \{Z 2 + p 2 - g- 2 ) 2 + 4 9 -V] 3/2 

= 46 \^-P 2 -9- 2 \ m 

g 2 [(Z 2 +p 2 +g- 2 ) 2 -4g- 2 Z 2 } 3 / 2 V ' 

In this coordinate system, the (apparent) event horizon is at Z = 0. On this surface, the electric field is along Z axis 
and has the value 

£ z (at Z = 0) = - ~ . 1 (20) 
g 2 {p 2 + g~ 2 ) 2 
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This is finite and is equivalent to having a charge density 



at the apparent horizon (This point was earlier noted in reference [2]). Note that this result is coordinate dependent. 
The field E^, in the coordinates (t,^, p,ip), vanishes at the horizon. In these coordinates, there is no charge density 
on the horizon. 

If we shift the origin of Z-axis by introducing the coordinate Z = Z — g^ 1 , then the metric becomes 

ds 2 = (1 + gZfdr 2 - {dZ 2 + dp 2 + p 2 dip 2 ) (22) 

and the electric field becomes 

& = f 0- + ^lf )(1 +92+ -/r 2 )-" 2 (23) 



E p = + + 9 Z)(1 + gZ + - 4 g 2 r 2 )-^ 2 (l + gZ - (24) 

with E v — 0. In this form, it is clear that field is the usual coulomb field for gZ <C 1, gr <C 1. The behaviour of 
the field near the charge, compared to its form near the apparent horizon clearly shows the distorting effect of the 
background line element. 

We shall now use this result to obtain the fields of an arbitrarily moving change. 



IV. FIELD OF A CHARGE MOVING RECTILINEARLY, WITH ARBITRARY VELOCITY AND 

ACCELERATION. 



A. The coordinate transformation 



We shall calculate the field due to a rectilinearly moving charge using the approach described in section 2. Let 
this charge move along the z-axis of the inertial frame S. We are interested in the field at event P with coordinates 
(t, z, p, </>). The retarded event is O with coordinates (to, zq, 0, 0). At O, let v re t be the velocity of the charge and a re t 
be its acceleration. Then, the proper acceleration is: 



g = ^J-a^a^ = a ret j , (25) 

where j = (1 — v^et) - • We construct a comoving, uniformly accelerating observer with an attached coordinate 
frame M with coordinates (r, £, p, <j>) such that the origin of M coincides with the world line of the charge upto w M 
and a M at the event O. So, at O, in the frame M, the charge is instantaneously at rest without acceleration. With 
this construction, the constant, proper, acceleration of M is g, as defined by equation (|25|). 

The coordinate transformations from S to M are different in the region A and B. In region A, (£ > 0) 

JVret V2gC 1/ \ 7 , V^gC w x (0R , 

t = to 1 smh(gr); z = z 1 cosh(gr) (26) 

9 9 9 9 

while in region E>, (C < 0): 



t = to 1 cosrngr); z = zo 1 smh( gr) (27) 

9 9 9 9 

The constants (to — jv ret /g) and (zo — 1 / g) ensure the condition that the charge is at rest and with zero acceleration 
at Co = \/(2g) in frame M at the event O. The event O has coordinates 

Co = 7T' T o = -sintT^iVet), P = 0, = 0. (28) 
25 5 

in frame M , as can be verified from equation(pq). It is convenient to shift the origin and define 
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t > = t-t + ?^ ■ z ' = z - Zq + 1. (29) 
9 9 

In these coordinates, the event O occurs at: 

t , = T^i. z > = l. (30) 

Given these transformations and the form of the field in the instantaneous Rindler frame, it is straight forward to 
obtain the field in the inertial frame. Conventionally, the latter fields are expressed in terms of the separation vector 
between the field point and the retarded position of the particle. To make the comparison we will introduce the null 
vector R} 1 with the components 

R n = x >» _ = (t' - t ' , Z ' - 4 p, 0). (31) 
Using the condition R^R^ = in region A, we can easily show that 

, , \ C + Co + (i/2)gp 2 . n . l 

cosh 5 (r-r ) = ; C >0,Co = ^. (32) 

Further, since the components of v^ et are 



Vret° = y/2g( cosh(gT ), v ret z = \/2g( smh(gT ), (33) 

we get: 



RnVret " = 2VCCo : sinh 3 (T - r ) = y/ ({ - Co + (l/2) 5 p 2 ) 2 + 2. 9P 2 Co (34) 

Similarly for region B, 

C + Co + (l/2)gp 2 t 1 f . 

smh.g(r - r ) = ; C < 0, Co = tt ( 35 ) 

2v-CvCo l 9 

and 

floret M - v / (C-Co + (l/2) 5 P 2 ) 2 + 2gp 2 Co (36) 
which is the same as that for region A. 



B. (b) The held 



Given the field in the coaccelerating frame [equations (|14j) and (16)] and the transformation between the inertial 
frame and coaccelerating frame [ (^6|) (^7|) and (p9])1, we can find the field in the inertial frame. We refer to the field 
tensor in inertial coordinates and the electric and magnetic fields as F^ v Mm , E l Mm and B 1 Mm respectively. The 
electric field, for example, is obtained by 



E z 



Mill 



F 



Min 



Therefore, 



'o-(^)(S)^C+(^)(S)^o-^-^)(-^ 



Ot 



8t J \dt'J \d( J \df 

2ffeCo(C ~ Co - (l/2)gp 2 ) 



2C 



(37) 



4e 



c 3 

(z' 2 - t' 2 p 2 - (l/ 5 ) 2 ) 



<? 2 [(z' 2 - i' 2 + p 2 - (l/.g) 2 ) 2 + 4(p 2 / 5 2 )]! 



(38) 



Similarly, we obtain: 
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E P Min — FMirf — 2 2 t /-, / \n\i >i o; 111 3 (39) 

g 2 [(z' 2 -i' 2 +p 2 -(l/ g ) 2 ) 2 + 4(p 2 /. 9 2 )]2 

E> _ 771 PZ _ 8^ P , 

D Min — r Min — n n 3 l. 4 ^ 

g 2 [(z' 2 - i' 2 +p 2 - (1/sO 2 ) 2 + 4(p 2 /5 2 )]2 

_ D2 _ DP _ n C4"| 1 

This can be recast in a more familiar form by using equations (134) and (|3q): 



_ g e(z- 2 -^-p 2 -(l/ g ) 2 ) _ g e(z' 2 -^ 2 ~p 2 -(l/ g ) 2 ) 
"""" 2(^^)3 " 273(^-^^)3 M 



where R = R° = t' -t'o ; fl z ' = z' - z'o . Note that 



z' 2 - t' 2 -p 2 - {l/gf = ^{R z , - Rv ret ) - 2p 2 (43) 

9 
2 

= [(1 - v ret 2 )(R z - Rvret) - a ret p 2 } (44) 

&ret 



Therefore, we can write our answer as 



Similarly, 



„ z > _ e[(l - Vret 2 )(Rz> - RVret) ~ ayetp 2 ] 

& min — 7"= rr; (40 j 

[R- R z >v ret y 



p P _ e[(l-v ret 2 )p + a ret R z >p] ,.„, 

J- 1 min — I r> r, \3 V 4D i 

[R - R z <v ret y 



R _ e[a ret Rp + v ret (l - v ret 2 )p 

-£> min — / r> n \1 

(R - Rz'Vret) 6 

These components can be expressed in a more familiar vector notation as 



(47) 



F _ e(l-v ret 2 )(R- v r etR) eR x [(R - v ret ) x a ret ] 

(R - R.v ret ) 3 (i?-R.v ret ) 3 1 j 



R x E 



(49) 



R 

This is the standard result for the electromagnetic field of an arbitrary moving charged particle (see ref[l]) 

Our results in ( ffo] ) , (^6|) and ( [f7|) have been derived for the special case of a charge in rectilinear motion. This was 
done to show clearly the use of our formalism. In fact, one can obtain the general result quite easily. Consider the 
general case, in which the motion is not restricted to a straight line. Then, one can always transform to an inertial 
frame of reference, S" , in which the charge was at rest at the retarded event O. This requires us to make the usual 
transformation to the accelerated frame: 

t = to + ^ sinh(gr); z — z — — + cosh( g r) (50) 

9 9 9 

followed by a Lorentz transformation to bring v rct to zero. Working in a similar fashion, we will land up with simpler 
expressions for the fields: 

eR R x (R x aret) R RxE 
E= R^ + R? ' B = _ ^ (51) 

This gives the field in the Lorentz frame in which the charge has zero velocity at the retarded event. By making a 
Lorentz transformation with an arbitrary velocity v, we can get fields in equations ( [48| ) , (^|) . More formally, one can 
show that the fields in (pin can be obtained from the following Lorentz invariant expression: 



Fu V = j-^ — ^[(R/iVu - R„v n ) + R v R <T (v ll a rT - v a a a ) - R u R cr (v„a< J - v a a u )] (52) 

Then, since this is a tensor equation under Lorentz transformations, it will give the fields in a frame S in which the 
retarded velocity is arbitrary. A simple calculation shows that (|52|) reduces to fl4lj| ) and ([f9|) in this case. (This form 
is derived in ref [3] in a very complicated manner. A simple derivation of (|52|) is given in Appendix C). 
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V. ELECTROMAGNETIC FIELDS IN THE INFINITESIMAL NEIGHBOURHOOD OF AN 

ACCELERATING CHARGE 



As before, let us consider a rectilinearly moving charge with arbitrary velocity and acceleration along the z-axis 
of frame S. The instantaneous, uniformly accelerating frame is M. At the event O, the charge is at rest in M and 
with zero acceleration at the point £ — Co- We are interested in calculating the finite part of the force exerted on 
the charge by it's own field at the event O. It is now convenient to use the coordinate Z introduced earlier with the 
definition : 



Z = (53) 
9 

In the frame with coordinates (r, Z ', p,<fi), the charge, is at rest in M at Z = Zq = (1/g) at event O. In these 
coordinates, the fields corresponding to the retarded event O are : 



E z - 4e < Z - Z °-"*> ,,, E p - *!* „ (54) 



These are same as those given by equations fl38|) and (|39[), but expressed in the new coordinate Z. 

We will analyse the situation described in figure 2. The event O, at which the charge has zero velocity and 
acceleration, corresponds to t = Q. Consider now an event O' along the worldline of the charge. The forward light ray 
travelling from this event is seen to intersect the Z axis at the point P , which is an event simultaneous with event 
O. We want to study the fields at P in the limit P — > O. In this limit, O' — > O and the fields at P are those due 
to the charge in it's own infinitesimal neighbourhood. (Since the metric is noninertial, the curve O' P will not be a 
straight line. But we are only interested in the limit of O' — > O when the actual form of the curve is irrelevant). 

The field due to the retarded point O is a static field, given by equation (|54|). However, we are interested in 
calculating the field at event P due to the event O'. At O', the charge is not at rest in frame M. So, the field given by 
equation (|34|) will not work. But, in the limit O — » O', we can make a correction to the field given by equation fl5^), 
which can account for it's motion at event O' . To illustrate this, let us approach the infinitesimal neighbourhood of 
the charge along the Z axis. If we ignore for the moment the motion of the charge then the field along the Z axis at 
event P (in the limit O — » O') is: 

E Z ' = % E " = (55) 

3 2 (Z 2 -Z 2 ) 2 ' 1 ' 

Let the event O' occur at r = —To. In the approximation that the charge was at rest at O' , it can be verified that 

R^ret = |(z7 2 -Z 2 ) (56) 

which can be obtained from equations (|34|) and (^3|) after setting p = 0. So the field can be expressed as: 

EZ = ,» ! uv, ( 57 ) 

Let us next account for the charge's motion at O' . We begin by noting that, in arriving at equation (|34j), we used 
the fact that the charge was at rest at the retarded event. When we take into account the motion of the charge at O', 
the expression for (R^v^ et ) will be modified. Since the Coulomb part of the field dominates as O' — > O, the leading 
term in the field is still given by fl57[) with the corrected expression for i? A1 w re t A '. If velocity of the charge at O' is 
u z {— To), then — in the limit we are interested in — the updated (R^,v re t^) is: 

iVw M = f(z7 2 -zV(-T )) - (Z - Z Q (-r ))u z (-T ) (58) 

So the expression for the field which accounts for the motion of the charge at O' will be: 

E Z (P) = 5 = — (59) 

1 ^ ff 2 [Z 2 -Z 2 (-T )-f(zT-Z (-T ))^(-T )] 2 V ^ 

At event O, the velocity and acceleration of the charge are zero in M. However, the rate of change of acceleration 
is nonzero, and we denote this quantity by a. Then, all the relevant quantities at time r = —to can be expressed in 
terms of a alone, in the limit O — > O' (that is when tq — > 0). Making a Taylor expansion about t = , we get: 
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and 



Zq{-tq) = Z ^-d 

6 



u (-t ) = —a 



(60) 



(61) 



where Zq = Zq(0) = g 1 . (Here, only terms upto order To 3 need to be retained, in the limit of tq — ► 0). In this limit, 
writing Z — Za + 8, we find that 



E Z (P) 



4e 



g 2 [S 2 + 2Z 6 + (Z r 3 a/3) - Z 8r 2 af 
From equation (j32|), we get, after setting r — 0, p — and replacing to by ~tq 

smh(.gr ) = 



(62) 



(63) 



in the limit 8 — >0. Hence, in the limit tq — > 0: 



r = S 



(64) 



We are interested in the force exerted on the charge by its own field, which is equal to eE z (P) in the limit 8 — >0. 
This force is given by: 



F z = eE z {P) 



9 

e- g 



2„2 



8 2 



2e 2 3e 2 o 



(65) 



where we have expanded the expression for E z in the binomial series in the infinitesimal parameter 8. It is understood 
that we should evaluate this expression in the limit of 8 — ► . 

The first two terms diverge as 8 — > 0. This point is extensively discussed in literature, and these terms arise from 
the self energy of a charged particle due to interaction with its own electromagnetic field and are expected to be 
absorbed by mass-renormalization. There is also the constant (last) term, which is uninteresting, since the first two 
terms are already divergent. We would have landed up with these three terms, even if we had not accounted for the 
motion of the charge at event O'. It is the third term, which has the derivative of the acceleration, which is the most 
interesting term. We have been able to obtain it because we accounted for the motion of the charge at event O'. It 
is this term which accounts for the effect of radiation reaction on the charge. 

All these terms were first found by Dirac for arbitrary motion of the charge in an inertial frame. The general 
expression in the inertial frame obtained by Dirac is [ref. 4; also see pp 141-144 of ref.3] 



r = 



(a x u x ) 



^l-(8)aW 62 



28 



ga^ u 11 (a\v x ) 2, ■ u . , 

~ % 1^ + ^-v»(a x v x ) )] 



(66) 



Here, a^ is the 4-acceleration, v^ L the 4-velocity, 8 — R x v\ and u' 1 = [(i? p — 8v^)/(8)]. These are the leading terms 
in an expansion in 8 in the limit 8 — ► 0. 

Computing the above expression for / M in the inertial frame is a laborious task. Our formalism makes the corre- 
sponding computation very simple. In fact, we calculated it the same way we calculated the fields: We transform 
to an inertial frame S", in which the charge is at rest at the retarded event and find the expression for the force 
in the comoving accelerating frame, which is given by equation (|65|). By transforming back to S" and making an 
arbitrary Lorentz transformation to S gives the force ( |66|) in the general inertial frame starting from (|6^). (We give 
the explicit procedure in Appendix B.) Here we shall transform only the radiation reaction term, and show that it 
gives the correct radiation reaction in the inertial frame, for the case of rectilinear motion. 

Let f z denote the radiation reaction force in the inertial frame S. Then, if F ra d Z denote the radiation reaction force 
in frame M, then using the equations (p6|), ( ^8|) and (|53|), we have 



r 



dz 
dZ 



2e 2 



a cosh(gro) 



(67) 



The derivative of the retarded acceleration a% et = da 11 /(dr), as measured in the frame S is related to a by: 
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a = g 2 cosh(gT ) + a sinh(<7To) (68) 
a z = g 2 sinh(gr ) + a cosh(<7To) (69) 



Then, using equation we get 



2e 2 2e 2 
f z = — a cosh( 3 r ) = —(a* - v z (a>%) ) (70) 



which is indeed the radiation reaction force in the inertial frame S. For an arbitrarily moving charge, one can first 
transform to the instantaneous Lorentz frame, in which (putting v z =0) : 

2e 2 

f = \* (71) 
and make a Lorentz transformation to an arbitrary inertial frame, to get : 

/" = \{d»-v»{6yv v ) ) (72) 

which is the correct expression for radiation reaction. 

An attempt is made in ref [2] to relate the radiated power to the force acting between the charge and the ficticious 
charge density at the horizon. Our result is more general and gives the actual radiation reaction force itself. Further 
we did not have to use the ficticious, coordinate dependent, charge density to interpret a real effect. 



VI. CONCLUSIONS: 



The radiation of electromagnetic waves by a charged particle and the consequent radiation reaction force are issues 
of considerable theoretical significance and have attracted the attention of researchers over decades. We believe that 
the approach outlined in this paper throws light on these processes and clarifies the conceptual issues involved in 
the problem. To begin with, we have been able to derive the radiation field as arising out of a static Coulomb field 
in a non inertial frame through a general coordinate transformation. This is of some conceptual importance since 
one believes that physics should be independent of the coordinate system. Secondly, we have been able to show that 
the key contribution to radiation reaction arises because of the deviation of the trajectory from that of a uniformly 
accelerated one. This deviation, which essentially modifies the expression R^v^, has a purely geometrical origin 
in the locally co-accelerating frame. Since the lowest order deviation will be proportional to the rate of change of 
acceleration, it is clear that the radiation reaction force should be proportional to the same; that is, it should be 
proportional to the third derivative of the trajectory. 

It will be of interest to see whether these results allow us to tackle the question of self-force in curved space time 
and to generalize the various expressions to an arbitrary curved background. We hope to address these questions in 
a future publication. 



VII. APPENDIX 



A. Solution to Maxwell's Equations for a charge at rest in a uniformly accelerating frame 

The scalar potential A$ due to a charge at rest in a uniformly accelerating frame satisfies the following equation 
[see equation pj|)]: 

pd< 2 A + ^d p (pd p A Q ) = -4ne5(C - Co) 6{p) 5(0) (73) 

We shall find a solution to this equation by studying a different, but related problem. 

Consider the problem of a charge placed at rest outside the horizon of a Schwarzschild black hole. In the spherical 
polar coordinates (r, 9, 0), the charge is placed at r = r', — . The metric is given by: 

ds 2 = (1 _ 2M )dt 2 df_ _ r 2 {dQ 2 + sin 20 #2) (74) 

^ ("^ T ) 
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Maxwell's equations are seperable in these coordinates. The differential equation satisfied by Aq in this metric is: 

\d r (r 2 d r A ) + - 1 1 - de{smed e A ) = -W(r - r')6{co.s9 - 1) (75) 

r z (1 — — ) r A sin 9 

The solution to this equation can be expressed in a closed form (see ref. 5): 

A e[(r - M)(r> - M) - M 2 cos0] 

A = = (76) 

rr'y> - Af) 2 + (r' - Af) 2 - 2(r - M)(r' - M) cos6> - M 2 sin 2 

Now, if the charge is placed infinitesimally close to the horizon and all measurements made in an arbitrarily small 
region around the charge, then the horizon would appear "flat" . Mathematically, if we introduce a coordinate £ by: 

r = 2M + C ; 2M > C (77) 

then we can write 

(1 -^ )a X = 29C (78) 

where g = (1 /4M) is the effective surface gravity of the horizon. If we fix our origin at 9 — 0, r = 2M and restrict 
all observations perpendicular to the z-axis to a very small region, then p = 2M sm9 = 2M9. In this limit, 

r 2 {d9 2 + sin 2 9 dcf 2 ) = (2M) 2 (d9 2 + 9 2 dcf 2 ) = dp 2 + p 2 d(/) 2 (79) 

giving, 

ds 2 = 2g( dt 2 - — - dp 2 - p 2 d(j) 2 (80) 

which is identical to the metric given by equation (|7]) . 

In this approximation, we are neglecting curvature of spacetime such that the horizon appears like a plane (C = 0) 
as in a uniformly accelerating frame. More importantly, it gives us an ansatz to find a solution to equation (^), by 
using this approximation in the expression for Aq given by equation (Q) . Straightforward algebra gives: 

A * g6(C + Co + ^ 2) (81) 
V(C - Co + ^P 2 ) 2 + 2gp 2 Co 

which is, an exact solution to equation (|73|). 



B. The Lorentz-Dirac formula 



Consider a charge moving in an arbitrary trajectory in an inertial frame S. As before, we construct a comoving, 
uniformly accelerating frame M, in which the expression for the self- force is given by (|65[). Consider now the expression 
(|66|) in a frame in which 



The expression reduces to 



so that 



«" = (1,0,0,0), a> = (. 9 2 ,d, 0,0), a^(0, 5 ,0,0). (82) 



/" - e ' aAl (42 - 7 + ¥) + ~ ^(«a« A )] (83) 



y gS 2 S A J 3 



2 , 1 g , 3g 2 , 2e 2 



(It is assumed that 8 — > limit is considered; also note that u M — > in this limit.) This is identical to (^5|) when we 
use (|69| ) with r = 0. If one wants the expression for / M in the frame S, all one has to do is find the expression in M 
(which is a simpler task compared to directly calculating it in the frame S, as is normally done), given by equation 
(|65|), transform it to the inertial frame (to get expression ([si])), and finally to transform it to S by making a Lorentz 
transformation. This leads to the Lorentz-Dirac expression, given by equation (B9). 
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C. Covariant form of the field of an arbitrarily moving charge: 



It is possible to express the field tensor produced by an arbitrarily moving charge, ina manifcstcdly Lorentz 
invariant form. Though the result is obtained in rcf.3, the derivation is quite cumbersome. We give here a clearer and 
simpler derivation of this formula. Maxwell's equations in inertial coordinates in flat spacetime are: 

O^F = 4nj";F „„ - d„A v - d v A^ (85) 

Combined together in the Lorentz gauge (d / M At )=0, we have: 

UAp = 4ttj m (86) 

which has the solution: 

A^x) = 4nJ d 4 x G ret {x - y) j^y) (87) 

where G ret is the retarded Green's function, satisfying: 

UG ret {x -y) = S 4 (x-y) ; G ret (x - y) = for x° < y° . (88) 
The current j^(x) for a point charge moving along a worldline z M = z m (t) with a 4-velocity m m (t) is given by: 



3 

so that 



j»(x) = e J dT 5 *l x - Z ( T )] uf *( T ) (89) 



A^(x) = Aire J dr G ret [x - z(t)]u^(t) (90) 

Now, let R» = x»- z»(r) . Then, 

G ret [x - z(r)] = ^-S(s 2 ) 9(x° - z°) ; s 2 = R^R^ (91) 



giving, 



and 



Now, 



Therefore, 



A„(x) = 2ej dr S(s 2 ) u„(t) 



(92) 



duA,(x) = 2eJ dr dj{s 2 ) u„(r) = 2e | dr ^(t) (93) 



Also, 



leading to 



ds 2 

to? = **> (^) 



<',.!,.(/) = U I dr ^1 (^-y 1 R^(r) (95) 



^- = -2p ; p = R»u, (96) 
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It follows that:, 



2e / ir ^ 

- U^) U (97) 
p dr p 



Ffj,v = d,A v dvA, = C - A_ { R ^ ^ } U (98) 

Differentiating the expression, we get 

F„„ = ^[(R a u a )(R^a v - R v a^ + (1 - R a a a )(R^u, - R.u^)} (99) 

Using R a R a — ; i? M = (i?, R) ; = 7(1, u) ; a M = 7(7, 117 + 7a), we get the electric and magnetic fields as : 

e(l-u 2 )(R-uR) e Rx[(R-ufl)xa] 

E (i?-R.u)3 + (i?-R.u)3 (100) 

B = ^ (101) 
These are the standard text book expressions for the fields. 
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